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ON TRIVIALITIES OF CHERN CLASSES
ANIRUDDHA C. NAOLEKAR AND AJAY SINGH THAKUR
Abstract. A finite CW -complex X is C-trivial if for every complex vector bundle
ξ overX , the total Chern class c(ξ) = 1. In this note we completely determine when
each of the following spaces are C-trivial: suspensions of stunted real projective
spaces, suspensions of stunted complex projective spaces and suspensions of stunted
quaternionic projective spaces.
1. Introduction
A CW -complex X is said to be C-trivial if for any complex vector bundle ξ over X ,
the total Chern class c(ξ) = 1.
A related notion is that of W -triviality. A CW -complex X is said to be W -trivial
if for any real vector bundle η over X , the total Stiefel-Whitney class w(η) = 1. A
central result in this direction is a theorem of Atiyah-Hirzebruch ([1], Theorem2)
which states that for any finite CW -complex X , the 9-fold suspension Σ9X of X is
always W -trivial. In particular, the spheres Sk are all W -trivial for k ≥ 9. In fact, a
sphere Sk is W -trivial if and only if k 6= 1, 2, 4, 8 (see [1], Theorem1).
Understanding which spaces are W -trivial has been of some interest in recent times
(see [4], [6], [7] and the references therein). In [6], the author has completely deter-
mined which suspensions ΣkFPn are W -trivial. Here F denotes either the field R of
real number, the field C of complex numbers or the skew-field H of quaternions and
FPn denotes the appropriate projective space. In [7], the second named author has
determined, in most cases, which suspensions of the Dold manifolds are W -trivial.
In [4], the authors have completely determined which suspensions of the stunted real
projective spaces are W -trivial.
In this note we study the notion of C-triviality and determine whether some of the
familiar spaces and their suspensions are C-trivial. To begin with it is well known
that there is no analogue of the Atiyah-Hirzebruch theorem for Chern classes. Indeed,
2010 Mathematics Subject Classification. 57R20 (55R50, 57R22).
Key words and phrases. C-trivial,W -trivial, Chern class, Stiefel-Whitney class, stunted projective
space.
1
2 ANIRUDDHA C. NAOLEKAR AND AJAY SINGH THAKUR
by the Bott integrality theorem (see Theorem3.1 below for the precise statement) the
even dimensional spheres are not C-trivial. Thus if d > 4, then S2d is W -trivial but
not C-trivial. The circle S1 is C-trivial but not W -trivial. We give other examples
in the sequel. However, there are sufficient conditions under which one implies the
other. We point out conditions under which this happens.
In this note we completely determine when the suspension of a stunted real projective
space is C-trivial (see Theorem1.1 and Theorem1.2 below). We also completely de-
termine which suspensions of the stunted complex and quaternionic projective spaces
are C-trivial (see Corollary 3.4 below).
We now state the main results of this paper. The following theorem completely
describes which suspensions ΣkRPn of the real projective spaces are C-trivial. Since
S1 = RP1 is C-trivial and RPn is not C-trivial for n > 1, we shall assume k > 0.
Theorem 1.1. Let Xkn = Σ
kRPn with k, n > 0. Then Xkn is not C-trivial if and only
if one of the following conditions is satisfied.
(1) k, n are both odd.
(2) k = 2, 4 and n ≥ k.
Next we look at the suspensions of the stunted real projective spaces. To state
the results we introduce the following notations. Let Xm,n denote the stunted real
projective space
Xm,n = RP
m/RPn
and Xkm,n the k-fold suspension
Xkm,n = Σ
k (RPm/RPn) .
Theorem 1.2. Let Xkm,n be as above with k ≥ 0 and 0 < n < m.
(1) If k is odd and m is even, then Xkm,n is C-trivial.
(2) If k,m are odd, then Xkm,n is not C-trivial.
(3) If n = 2t, then Xm,n is C-trivial if and only if m < 2
t+1.
(4) If k, n are even and k ≥ 2, then Xkm,n is C-trivial.
(5) If k is even and n is odd, then Xkm,n is not C-trivial.
The paper is organized as follows. In Section 2 we prove some general facts about
C-triviality. In Section 3 we determine which suspensions of stunted complex and
quaternionic projective spaces are C-trivial and prove the main theorems.
Conventions. By a space we mean a finite connected CW -complex. Given a map
α : X −→ Y between spaces the induced homomorphism in K-theory and singular
cohomology will again be denoted by α.
32. Generalities
In this section we prove some general facts about C-triviality. We give sufficient
conditions under which W -triviality implies C-triviality and C-triviality implies W -
triviality.
To begin, note that a finite CW -complex X is C-trivial if the reduced complex K˜-
group K˜(X) = 0.
Lemma 2.1. For any space X, we have the following.
(1) If H2s(X ;Z) = 0 for all s > 0, then X is C-trivial.
(2) If X has cells only in odd dimensions, then X is C-trivial.
(3) If X is C-trivial, then H2(X ;Z) = 0
(4) If X is W -trivial and the mod-2 reduction homomorphism ρ2 : H
2i(X ;Z) −→
H2i(X ;Z2) is monomorphic for all i > 0, then X is C-trivial.
Proof. We omit the easy proofs of (1)-(3). The claim (4) follows from the fact that
for a complex bundle ξ we have ρ2(ci(ξ)) = w2i(ξR). Here ξR denotes the underlying
real bundle of ξ. 
Thus the real and complex projective spaces RPn (n > 1) and CPn are not C-trivial
as their second integral cohomology group is non-zero.
The following observations are straightforward and we omit their easy proofs.
Lemma 2.2. Let f : X −→ Y be a map between spaces.
(1) If f : K˜(Y ) −→ K˜(X) is onto and Y is C-trivial, then X is C-trivial.
(2) Suppose f : H2i(Y ;Z) −→ H2i(X ;Z) is a monomorphism for all i > 0. Then
if X is C-trivial so is Y . 
We shall use the above observations in the sequel sometimes without an explicit
reference. We have already noted that the even dimensional spheres S2d with d > 4
are examples of spaces that areW -trivial but not C-trivial and also that S1 is C-trivial
but not W -trivial. We give some more examples below.
Example 2.3. Let X = ΣRP2 be the suspension of the real projective space RP2.
Then X has non-zero integral cohomology only in degree 3 and hence X must be
C-trivial. It is known that X is not W -trivial ([6], Theorem 1.4).
Example 2.4. Let X = M(Z3, 1) be the Moore space of type (Z3, 1). This is a 2-
dimensional CW -complex. Since the second (integral) cohomology of X is non-zero,
X is not C-trivial. However, as H i(X ;Z2) = 0 for i > 0, X is W -trivial.
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We now state a necessary condition for a space to be C-trivial.
Lemma 2.5. Let X be a C-trivial space. Then for any real bundle ξ over X we have
w2i (ξ) = 0 for all i > 0.
Proof. Let η denote the underlying real bundle of the complexification ξ ⊗ C of ξ.
Then the total Stiefel-Whitney class of η is given by
w(η) = 1 + w21 + w
2
2 + · · ·
where wi = wi(ξ). If w(η) 6= 1, then clearly c(ξ ⊗ C) 6= 1. This completes the
proof. 
In particular, if there exists a real bundle ξ over X with w2i (ξ) 6= 0 for some i > 0, then
X cannot be C-trivial. The above lemma, in particular, implies that the quaternionic
projective space HPn is not C-trivial for n > 1. This is because for the canonical line
bundle ξ over HPn we have w24(ξ) 6= 0. That HP
1 = S4 is not C-trivial is clear. The
(even dimensional) spheres show that the converse of the above lemma is not true.
For a space X , we have the realification homomorphism r : K˜(X) −→ K˜O(X). The
following lemma gives a sufficient condition for a C-trivial space to be W -trivial.
Lemma 2.6. Suppose that r : K˜(X) −→ K˜O(X) is onto. If X is C-trivial, then X
is W -trivial.
Proof. The surjectivity of r implies that every real vector bundle ξ over X is stably
equivalent to the underlying real bundle ηR of a complex vector bundle η over X .
Now w(ξ) = w(ηR) = 1. This completes the proof. 
We mention that the converse to the above lemma is not true. Indeed, if X = S6,
then as K˜O(S6) = 0, X is W -trivial but X is not C-trivial.
Some of our proofs depend upon the following important observation which gives a
sufficient condition for a W -trivial space to be C-trivial.
Proposition 2.7. Let X be a space. Assume that H∗(X ;Z) is concentrated in odd
degrees and is direct sum of copies of Z2. If X is W -trivial, then X is C-trivial.
Proof. Given the assumptions on the integral homology of X it follows from the
universal coefficients theorem that the integral cohomology of X is concentrated in
even degrees and is a direct sum of copies of Z2. Again, by the universal coefficients
theorem, it follows that H2i(X ;Z2) is a direct sum of copies of Z2 with the same num-
ber of Z2 summands as in the integral cohomology. As X has no integral cohomology
in odd degrees, the mod-2 reduction map
ρ2 : H
2i(X ;Z) −→ H2i(X ;Z2)
5is surjective and hence an isomorphism as both the groups are a direct sum of equal
number of copies of Z2. The proposition now follows from Lemma2.1 (4). This
completes the proof. 
Remark 2.8. We remark that the converse of the above proposition is not true.
For consider the space X62 = Σ
6RP2. Then X62 satisfies the conditions of the above
proposition. By Theorem1.1, X62 is C-trivial. However X
6
2 is not W -trivial, by
Theorem1.4 (3) of [6].
We end this section by noting that second suspension of a C-trivial space is C-trivial.
The idea of the proof is same as that of Theorem1 in [1] and Theorem1.1 of [6].
Theorem 2.9. Let X be a C-trivial space. Then the second suspension Σ2X of X is
C-trivial.
Proof. Let pi1, pi2 denote the projection maps of S
2×X to the first and second factor
respectively and p : S2×X −→ Σ2X the quotient map. Let ν denote the Hopf bundle
over S2. Given a bundle ξ over Σ2X there exists, by Bott periodicity, a bundle θ of
rank n (say) over X such that p∗ξ is stably isomorphic to the tensor product
(pi∗1ν − 1)⊗ (pi
∗
2θ − n).
Thus
c(p∗ξ) = c(pi∗1ν ⊗ pi
∗
2θ)c(pi
∗
1ν)
−nc(pi∗2θ)
−2.
Since X is C-trivial we have c(pi∗2θ) = 1. It is clear that c(pi
∗
1ν) = 1 + t × 1 where
t ∈ H2(S2;Z) is a generator. Finally, one checks that
c(pi∗1ν ⊗ pi
∗
2θ) = (1 + t× 1)
n
so that
c(p∗ξ) = 1.
But as f : H∗(Σ2X ;Z) −→ H∗(S2×X ;Z) is a monomorphism it follows that c(ξ) = 1.
This completes the proof. 
3. Proof of Theorems 1.1 and 1.2
In this section we prove the main theorems and derive some consequences. We first
state the Bott integrality theorem which we shall use in the sequel.
Theorem 3.1. (Bott integrality theorem) ([3], Chapter 20, Corollary 9.8) Let a ∈
H2n(S2n;Z) be a generator. For any complex vector bundle ξ over S2n, the Chern
class cn(ξ) is divisible by (n − 1)!a. For each m divisible by (n − 1)!, there exists a
unique ξ ∈ K˜(S2n) with cn(ξ) = ma. 
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The Bott integrality theorem implies that if ξ is a complex vector bundle over the
even dimensional sphere S2n with n ≥ 3, then cn(ξ) ∈ H
2n(S2n;Z) is an even multiple
of a generator.
The following observation is now immediate from the Bott integrality theorem.
Proposition 3.2. Let X be a finite CW -complex. Assume that there is a map α :
X −→ Sd such that the homomorphism α : Hd(Sd;Z) −→ Hd(X ;Z) is injective.
Then ΣkX is not C-trivial whenever k + d even.
Proof. The map Σkf induces a monomorphism in cohomology in degree (k + d) for
all k. If (k+d) is even, then as there exists a vector bundle ξ over Sk+d with c(ξ) 6= 1
we must have c(f ∗ξ) 6= 1. 
If X is a connected closed orientable manifold we have a degree one map f : X −→
Sdim(X). This induces an isomorphism in top integral cohomology. Thus we have the
following.
Corollary 3.3. Suppose X is a connected closed orientable manifold. Then ΣkX is
not C-trivial whenever dim(X) + k is even. 
If k is odd then the suspensions Σk(CPm/CPn) and Σk(HPm/HPn) have cells only in
odd dimensions and hence are C-trivial. The following observation is now immediate
from the the above noted facts.
Corollary 3.4. Let F = C or H. Let 0 ≤ n < m. Then Σk(FPm/FPn) is C-trivial if
and only if k is odd. 
Corollary 3.5. The product of two connected closed orientable manifolds is not C-
trivial.
Proof. In the case the product M × N is even dimensional, the claim follows from
Corollary 3.3. In the case that M × N is odd dimensional, assume that M is even
dimensional. Then M is not C-trivial and since the composition
M
i
−→ M ×N
pi1
−→ M
where i(x) = (x, y) for a fixed y ∈ N and pi1 the projection to the first factor, is
identity it follows that M ×N is not C-trivial. This completes the proof. 
In particular, a product of spheres is not C-trivial. We make some more observations
before proving the main theorems.
Lemma 3.6. Suppose k is even.
(1) If Xkn is W -trivial, then X
k
n is C-trivial.
7(2) If n is even and Xkm,n is W -trivial, then X
k
m,n is C-trivial.
Proof. We prove (1), the proof of (2) is similar. As k is even, the integral cohomology
is zero in odd degrees except in degree n when n is odd in which case it is infinite
cyclic. The integral cohomology in even degrees is cyclic of order two. The mod-2
reduction map in even degrees is readily seen to be an isomorphism. By Lemma2.1
(4), the proof is complete. 
Lemma 3.7. Let k,m, n be even. If Xkm+1,n is not C-trivial, then X
k
m,n is not C-
trivial.
Proof. The lemma follows from the fact that the obvious map
j : Xm,n −→ Xm+1,n
induces isomorphism in integral cohomology in even degrees. Hence so does the map
Σkj. 
Proof of Theorem1.1. If both k and n are odd, then as RPn is orientable, it follows
from Corollary 3.3 that Xkn is not C-trivial. Next assume that k is odd and n is even.
Then as H i(Xkn ;Z) = 0 if i > 0 is even it follows that X
k
n is C-trivial in this case.
This proves the theorem when k is odd.
Next we assume that k is even. We first show that X4n is not C-trivial if and only
if n ≥ 4. We know that X4n for n ≤ 3 is W -trivial ([6], Theorem1.4). Hence it
follows from Lemma3.6 that X4n is C-trivial for n ≤ 3. So assume that n ≥ 4. Let ξ
be a complex 2-plane bundle over S4 with c2(ξ) a generator and let η be a complex
line bundle over RPn with c1(η) = t ∈ H
2(RPn;Z) ∼= Z2 the non-zero element. The
cofiber sequence
S4 ∨ RPn
j
−→ S4 × RPn
α
−→ Σ4RPn
gives rise to an exact sequence
0→ K˜(Σ4RPn)
α
−→ K˜(S4 × RPn)
j
−→ K˜(S4 ∨ RPn)→ 0.
We compute (see, for example, Lemma2.1, [6])
c((pi∗1ξ − 2)⊗ (pi
∗
2η − 1)) = 1 + c2(ξ)× ((1 + t)
−2 − 1)
= 1 + c2(ξ)× (−2t + 3t
2 − 4t3 + · · · )
6= 1
as c2(ξ) 6= 0 is a generator and 3t
2 6= 0. Now as j((pi∗1ξ − 2) ⊗ (pi
∗
2η − 1)) = 0, there
exists a bundle θ ∈ K˜(ΣkRPn) with
α(θ) = (pi∗1ξ − 2)⊗ (pi
∗
2η − 1).
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Clearly, c(θ) 6= 1. This completes the proof that X4n is not C-trivial if and only if
n ≥ 4.
We now look at the case k = 2. Note that X21 = S
3 is C-trivial. We now check that
X2n is not C-trivial if n ≥ 2. Let ξ be a complex bundle over S
2 with c(ξ) 6= 1 and
c1(ξ) a generator. Let η denote the non-trivial complex line bundle over RP
n. Let
pi1, pi2 be the two projections of S
2 × RPn onto the the first and the second factor
respectively. Then,
c((pi∗1ξ − 1)⊗ (pi
∗
2η − 1)) = 1 + c1(ξ)× ((1 + t)
−1 − 1)
= 1 + c1(ξ)× (−t+ t
2 − t3 + · · · )
6= 1
as c1(ξ) is a generator. Here t ∈ H
2(RPn;Z) = Z2 is the unique non-zero element.
Then, arguing as in the above case, it follows that there must exist a bundle θ ∈
K˜(ΣkRPn) with c(θ) 6= 1. Thus X2n is not C-trivial if and only if n ≥ 2.
To complete the proof of the theorem we finally show that X6n is C-trivial for all
n > 0. This will imply, by Theorem2.9, that Xkn is C-trivial for all k ≥ 6 and k
even. First note that X61 = S
7 is C-trivial. That X62 is C-trivial follows from the
fact that X42 is C-trivial and by Theorem 2.9. By Theorem1.4 of [6], X
6
n is W -trivial
whenever n > 3. Hence by Lemma3.6 X6n is C-trivial when n > 3. Finally, we look
at X63 . The long exact sequence of the pair (RP
3,RP2) shows that the inclusion map
i : RP2 −→ RP3 induces an isomorphism i : H2(RP3;Z) −→ H2(RP2;Z). Hence the
map Σ6i : Σ6RP2 −→ Σ6RP3 induces isomorphism in integral cohomology in degree
8. Since the only non-zero cohomology in even degree (for both X62 and X
6
3 ) is in
degree 8 and X62 is C-trivial, it follows by Lemma2.2 (2) that X
6
3 is C-trivial. This
completes the proof that X6n is C-trivial.
This takes care of all the cases and completes the proof of the theorem. 
We now come to the proof of Theorem1.2. First note that if m is odd then the
stunted real projective space Xm,m−2 admits a splitting
Xm,m−2 = S
m ∨ Sm−1
and if m is even then
Xm,m−2 = Σ
m−2
RP
2.
We now prove Theorem1.2.
Proof of Theorem1.2. We first prove (1). If k is odd and m is even, then the integral
cohomology of Xkm,n is trivial in even degrees and hence X
k
m,n is C-trivial in this case
proving (1).
9Next, if k,m are both odd there exists a map α : Xkm,n −→ S
k+m inducing isomor-
phism in top integral cohomology. By Corollary 3.3, Xkm,n is not C-trivial. This proves
(2).
Next we prove (3). By Theorem 7.3 [2], the projection j : RPm → Xm,n maps
K˜(Xm,n) isomorphically into the subgroup of K˜(RP
m) generated by class of 2tν,
where ν = ξ ⊗ C is the complexification of the canonical line bundle ξ over RPm.
Let α ∈ K˜(Xm,n) be the generator such that j
∗(α) = 2tν. If z ∈ H2(RPm;Z) is the
unique non-zero element, then the total Chern class
c(2tν) = c(ν)2
t
= (1 + z)2
t
= (1 + z2
t
).
Since j∗ : Hk(Xm,n;Z)→ H
k(RPm;Z) is injective for 0 ≤ k ≤ m, we have c(α) = 1 if
and only if m < 2t+1. As α is a generator, we conclude that Xm,n is C-trivial if and
only of m < 2t+1.
We now prove (4). We shall only prove the C-triviality for the case k = 2. Then in
view of Theorem2.9, Xkm,n will be C-trivial for all k ≥ 4 and k is even. By Theorem
1.3 of [4], X2m,n is W -trivial if m 6= 6, 7. By Lemma3.6 we see that for n even, X
2
m,n
is C-trivial if m 6= 6, 7. We are now left to prove C-triviality of the following cases:
X26,n and X
2
7,n for n even. We prove these as follows.
We first prove that X26,n is C-trivial for n even. As X
2
6,4 = Σ
6RP2, it follows from
Theorem1.1 that X26,4 is C-trivial. We next look at the case X
2
6,2 and let ξ be a
complex vector bundle over X26,2. We shall show that c3(ξ) = 0 = c4(ξ). We first
claim that c3(ξ) = 0. For if c3(ξ) 6= 0, then w6(ξR) 6= 0 as the mod-2 reduction
homomorphism is an isomorphism. Now observe that wi(ξR) = 0 for 1 ≤ i ≤ 5.
This contradicts the well-known fact that for a real bundle the first non-zero Stiefel-
Whitney class appears in degree a power of two. Thus c3(ξ) = 0. Assume now that
c4(ξ) 6= 0. consider the exact sequence
· · · → K˜−2(X8,6)
α
−→ K˜−2(X8,2)
j
−→ K˜−2(X6,2) −→ K˜
−1(X8,6)→ · · · .
Using the Atiyah-Hirzebruch spectral sequence in complex K-theory it is easy to see
that if m is even, then
K˜−1(Xm,n) = 0.
Thus the homomorphism j is epimorphic. Hence, X26,2 is C-trivial as X
2
8,2 is C-trivial.
Next we prove that X27,n is C-trivial for n even. Clearly, X
2
7,6 = S
9 is C-trivial. That
X27,2 andX
2
7,4 is C-trivial follows from C-triviaility ofX
2
6,2 andX
2
6,4 and by Lemma3.7.
This completes the proof of (4).
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We now prove (5). Here k is even and n is odd. First we assume m is even. We look
at the cofiber sequence
Xn+1,n
j
−→ Xm,n
α
−→ Xm,n+1
and the associated exact sequence
· · · → K˜−k(Xm,n+1)
α
−→ K˜−k(Xm,n)
j
−→ K˜−k(Xn+1,n) −→ K˜
−k+1(Xm,n+1)→ · · · .
As noted above, since the last group in the above exact sequence is zero the homomor-
phism j is epimorphic. Since ΣkXn+1,n is an even dimensional sphere, and therefore
not C-trivial, we conclude that Xkm,n is not C-trivial. Note that, in particular, there
exists a complex vector bundle ξ over Xkm,n with
c k+n+1
2
(ξ) 6= 0.
Next we assume m is odd. Consider the obvious map
j : Xm,n −→ Xm+1,n.
The homomorphism j in integral cohomology is an isomorphism in degree (n+1). The
homomorphism Σkj is an isomorphism in integral cohomology in degree (k + n+ 1).
Now if ξ is a complex vector bundle over Xkm+1,n with
c k+n+1
2
(ξ) 6= 0,
we have that
c k+n+1
2
(j∗ξ) 6= 0.
Thus Xkm,n is not C-trivial when k is even and m,n are odd. This completes the proof
of (5) and the theorem. 
We remark that the fact that
K˜−k(Xm,n) = 0
whenever k is odd and m is even also gives another proof of Theorem1.2 (1).
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